Abstract. We prove that algebras are left weakly Gorenstein in case the subcategory ⊥ A ∩ Ω n (A) is representation-finite. This applies in particular to all monomial algebras and endomorphism algebras of modules over representation-finite algebras. We also give a proof of the Auslander-Reiten conjecture for such algebras.
Introduction
We assume that A is always a finite dimensional algebra over a field K and modules are finitely generated right modules unless otherwise stated. Without loss of generality we can assume that A is connected. We define ⊥ A := {X ∈ mod −A| Ext i A (X, A) = 0 for all i > 0}, Ω n (A) := add({X|X ∼ = Ω n (Y ) for some Y ∈ mod −A}) and φ n (A) := ⊥ A ∩ Ω n (A). A module M in ⊥ A is called semi-Gorenstein projective. We call an algebra A Ω n -finite in case Ω n (A) contains only finitely many indecomposable modules and we call it φ n -finite in case φ n (A) contains only finitely many indecomposable modules. A module M is called Gorenstein projective in case Ext ⊥ A = Gp(A) and right weakly Gorenstein in case the opposite algebra of A is left weakly Gorenstein. A is called weakly Gorenstein in case it is left and right weakly Gorenstien. An algebra is called Gorenstein in case the regular module has finite injective dimension as a left and as a right module. Weakly Gorenstein algebras were introduced as a generalisation of the classical Gorenstein algebras in [RZ] .
Our main result can be stated as follows:
Theorem. Let A be a φ n -finite algebra for some n ≥ 1. Then A is left weakly Gorenstein.
We remark that this generalises the theorem in 1.3. of [RZ] , which proves the previous theorem for n = 1. We will see that monomial algebras and endomorphism rings of modules over representation-finite algebras are φ 2 -finite and thus they are left nearly Gorenstein.
Proof of the main result
Recall that the Gorenstein projective dimension Gpd(M ) of a module M is defined as the smallest n such that there exists an exact sequence with (possibly infinite dimensional) Gorenstein projective modules
The Gorenstein projective dimension is defined to be infinite in case no such finite exact sequence exists for M . We refer for example to [Che] for more on the Gorenstein projective dimension. Recall that a module M is called periodic in case
Proposition 1.1. Let A be a finite dimensional algebra with modules M and N .
(1) In case M has finite Gorenstein projective dimension, we have
A semi-Gorenstein projective and periodic module is Gorenstein projective.
Proof.
(1) See [Che] [Iya] , in section 2.1. Theorem 1.2. Let A be a φ n -finite algebra for some n ≥ 1. Then A is left weakly Gorenstein.
Proof. Note that φ k (A) ⊆ φ l (A) for k ≥ l and thus A is also φ r −finite for all r ≥ n. Assume M is semi-Gorenstein projective. We will show that M is even Gorenstein projective. This is trivial in case M is projective and thus we assume M is non-projective and indecomposable in the following. Now Ext
for all i > 0 shows that M being semi-Gorenstein projective also gives that Ω n (M ) is semi-Gorenstein projective. Thus Ω n (M ) ∈ φ n (A). Now by 1.1 (2), Ω k (M ) are all indecomposable modules for k ≥ 1. Since φ n (A) contains only finitely many indecomposable modules and Ω k (M ) is indecomposable for all k ≥ n, we must have that Ω l+r (M ) ∼ = Ω l (M ) for some l ≥ n and r ≥ 1. This shows that Ω l (M ) is a periodic module. By 1.1 (4), Ω l (M ) is Gorenstein projective. Let (P i ) for i ≥ 0 be a minimal projective resolution of M . Then the exact sequence
shows that M has finite Gorenstein projective dimension at most l. Now assume M has finite positive Gorenstein projective dimension. By 1.1 (2), Gpd(M ) = sup{t ≥ 0| Ext t A (M, A) = 0}, which gives a contradiction to our assumption that M is semi-Gorenstein projective. Thus M must have Gorenstein projective dimension zero and thus is Gorenstein projective. Corollary 1.3. Let A be a finite dimensional algebra.
(1) In case A is a monomial quiver algebra, A is weakly Gorenstein. (2) In case A is isomorphic to the endomorphism ring of a module over a representation-finite algebra, A is weakly Gorenstein.
(1) By theorem 1 of [Z] , monomial algebras are Ω 2 -finite and thus also φ 2 -finite. By our main result 1.2 this shows that monomial algebras are left weakly Gorenstein. Since the opposite algebra of a monomial algebra is again monomial it is also right weakly Gorenstein and thus weakly Gorenstein.
(2) We first show that endomorphism rings of modules over representation-finite algebras are Ω 2 -finite and thus also φ 2 -finite. Let A = End B (M ) for a representation-finite algebra B and a B-module M . Note that the second syzygy modules are exactly the kernels of maps P 1 → P 0 between projective modules. Recall that there is an equivalence add(M ) → proj −A given by Hom B (M, −), see for example [ARS] , proposition 2.1. in chapter II. Under this equivalence, a map f : P 1 → P 0 between projective A-modules corresponds to a map g : M 1 → M 0 with M i ∈ add(M ). Since B is representation-finite the possible kernels of such maps g can have only finitely many indecomposable summands and thus there are also only finitely many possible indecomposable summands of maps f : P 1 → P 0 between projective A-modules. This shows that A is Ω 2 -finite and thus also φ 2 -finite. By our main result 1.2 this shows that endomorphism algebras of modules over representation-finite algebras are left weakly Gorenstein. Since the opposite algebra of End A (M ) is isomorphic to End A op (D(M )) and A op is again representationfinite, such algebras are also right weakly Gorenstein and thus weakly Gorenstein.
The next example shows that the algebras End B (M ) can be of wild representation type in general and thus it might be quite complicated to prove that they are weakly Gorenstein directly. Example 1.4. This example was found and calculated using the GAP-package QPA, see [QPA] . Let k be the field with three elements. Let A := kQ/I with Q and I as follows:
A is a representation-finite symmetric algebra, see for example [Sko] section 3.14. Let M be the following representation of A (given by its representation in QPA): One can check that M is indecomposable and C := End A (M ) is isomorphic to the quiver algebra kW/L where W is the quiver with one point and three loops a 1 , a 2 and a 3 and L =< a 2 1 , a 1 a 3 , a 2 a 1 , a 2 2 , a 2 a 3 , a 1 a 2 − a 3 a 1 , a 1 a 2 − a 3 a 2 , a 2 3 >. C is a local non-Gorenstein algebra. Since it is the endomorphism ring of a module over a representation-finite algebra, it is weakly Gorenstein by 1.3.
Recall that an algebra A is called CM-finite in case Gp(A) is representation-finite. Note that since Gp(A) ⊆ φ n (A) for all n ≥ 1, being φ n -finite implies being CM-finite. The Auslander-Reiten conjecture states that a module M with Ext i A (M, M ⊕A) = 0 for all i > 0 is projective (see for example conjecture 10 in the conjectures section in [ARS] ). While it is known that the finitistic dimension conjecture implies the Auslander-Reiten conjecture, it is not known whether the Auslander-Reiten conjecture holds for algebras with finite finitistic dimension. For example selfinjective algebras have finitistic dimension equal to zero, but the Auslander-Reiten conjecture is open for selfinjective algebras.
